INTRODUCTION
Much attention has been focussed on the aperture coupled microstrip antenna since its introduction by Pozar [1] . So far, moment method techniques based on the spectral domain approach [2, 3] have been used to deal with the problem. Although these methods generate accurate results, the enormous computational effort required renders them impractical in an actual design environment. In this paper, a mixed potential integral equation (MPIE) approach is developed to analyze the aperture coupled microstrip patch antenna. The method is basically an extension of [4] to an aperture coupled geometry. The problem is formulated as three coupled integral equations in the spatial domain as opposed to the electric field integral equations in [2] . In order to avoid the formidable numerical task of evaluating the Sommerfeld integrals, closed-form Green's functions [5, 6] are employed. The result is a great increase in the overall computation speed while the comprehensiveness of the analysis is maintained.
In [5] [6] [7] , the closed-form Green's functions for the potentials of an horizontal electric dipole (HED) are derived. Using the same techniques, the closed-form expressions are similarly derived for the potentials of an horizontal electric dipole (HMD) and the associated coupled fields.
FORMULATION
The geometry ( Fig. 1) is essentially similar to that of [2] except in our formulation the length of feedline is finite. The space above and below the ground plane ( z = 0 ) which are the microstrip structure for the radiating antenna and the feedline are denoted as region 1 and 2 respectively. The thickness of the substrate in these respective regions are denoted as h 1 and h 2 . The excitation current and induced current on the feedline are denoted J e and J f ; J p is the induced current on the patch. Using the equivalence principle, the x -directed E field in aperture can be short circuited and replaced by magnetic surface currents M ap just above and below the ground plane. If the aperture and feedline have their width much smaller than the operating wavelength, then we can assume the currents flowing on them are only directed along their lengths. To maintain the continuity of tangential electric field through the aperture, we have M
The total fields in each region can be written as the sum of the scattered and excitation fields due to the corresponding potentials: where E A , H A , E F , and H F (the superscript denotes the region considered) are the fields due the corresponding potentials in each region; E e is the excitation electric field in region 2. These are written as
where A is the magnetic vector potential, V is the electric scalar potential, F is the electric vector potential, and V m is the magnetic scalar potential.
Green's Functions
The vector and scalar potentials are in turn expressed as convolution integrals of the induced current and charge distributions with the corresponding Green's function:
where G A and G F are the dyadic Green's functions of Sommerfeld's choice [8] .
In the above expressions the electric (magnetic) charge density is related to the electric (magnetic) current density through the continuity equation for electric (magnetic) current.
Mixed Potential Integral Equations
The mixed potential integral equations can be obtained by enforcing the boundary conditions such that the total electric fields vanish on the electric conductors and that the magnetic field is continuous through the aperture. Allowing for some ohmic losses on the conductors by assuming that the surface impedance for the patch and feedline are both Z s , the following three coupled MPIEs are obtained: (14) 3) In the aperture (z = 0)
and
These are the Green's functions for the associated coupled fields in the region considered and can be expressed as
If all the other boundary conditions are satisfied by the Green's functions, the problem is fully formulated by the above three mixed potential integral equations which can be solved for the various unknown surface currents.
Method of Moments
The moment method is applied to solve the integral equations (13)- (15) and the approach is similar to [4] where the rooftop basis function and razor test functions are used. In a similar manner, the patch, feedline and the aperture are divided into charge cells. Let there be M and N electric current cells on the patch x and y direction respectively, P electric current cells on the feedline (in the x -direction), and Q magnetic current cells on the aperture (in y -direction). The electric currents on the feedline and patch, and the magnetic currents on the aperture are expanded over a set of rooftop basis functions as
where I f xj , I pxj (I pyj ) and K apyj are corresponding current coefficients; r xj and r yj are the vectors denoting the centre of the corresponding current cells. The rooftop basis function T x (T y ) is given by:
where s = x or y , and w is the width and l is the length of the charge cell considered. By the continuity equations for electric and magnetic current densities, the associated electric and magnetic charge densities are obtained as follows:
where Π is a two dimensional unit pulse function and r To simplify the notation, we introduce the discrete Green's functions relating to the potentials and fields based on the basis functions defined above. From [4] , we have:
In addition, we define the discrete Green's functions electric vector potential and magnetic scalar potential as: 
Given the above surface current and charge distributions (21)- (23), we obtain the resultant potentials as the superposition integrals of the corresponding Green's function. Substituting into coupling equations (13)- (15) and applying the razor test function on each current cell, we obtained the following matrix equations:
The matrices and their elements are defined as follows:
Similar expression is obtained for z
yy(1) pij
, and it is also noted that
f ] -the P × P impedance matrix of the feedline.
ap ] -the Q × Q admittance matrix of the aperture in region 1 or 2 (k = 1 or 2).
p ] -the Q × (M + N ) transfer matrix of the patch.
f ] -the Q × P transfer matrix of the feedline.
ap ] -the P × Q transfer matrix of the aperture in region 1.
ap ] -the (M + N ) × Q transfer matrix of the aperture in region 2. where C fxi , C pxi (C pyi ) , and C apyi are the test segments of the corresponding current cells. The excitation model of [4] can be similarly applied by placing the excitation current distribution over the charge cell located at the end of the feedline. We obtain the excitation vector [V (1) e ] as
Solving the matrix equations yields the unknown current vector as:
[I
where
ap ] . The numerical calculation involved in solving for these current vectors is still a formidable task. In order to increase the computation speed, approximations for the surface and line integrals (as in [4] ) can be applied to the above matrix elements when the source and field distance is sufficiently large. Since the coupling effect is dominated by the coupled fields in the vicinity of the aperture, the associated matrix elements of the coupling matrices with large source and field can effectively be neglected.
RESULTS

Results for Green's Functions
To confirm the valid use of the closed-form Green's functions in our algorithm, the accuracy of the relevant Green's functions in (13)- (15) are tested. Before the moment method is applied, the computed results for the Green's functions evaluated by straight numerical integration of the Sommerfeld integral and the closed-form Green's functions are compared. For G xx A and G V , where the source and field positions are both on the dielectric surface, the closed-form expressions are given in [5] . Numerical results are shown in Fig. 2 for a given substrate.
For G yy F and G Vm , where the source and field positions are both on the aperture, closed-form expressions can be obtained using the procedure of [6] in which the Green's functions in the spectral domain are expressed in terms of transmission coefficients and the incident and reflected fields. Numerical results are shown in Fig. 3 .
To obtain the closed-form approximation for G can not be expressed in terms of incident and reflected fields and thus the extraction of the various field components is not possible. Fortunately, the curve of G zx A decays rapidly in the spectral domain which allows us to make an exponential approximation of the integrand for 
G zx
A with reasonable accuracy and a closed-form approximation can similarly be obtained for ∂G zx A /∂dx . Fig. 4 shows the numerical results for these two Green's functions. It is observed that the closedform results for ∂G zx A /∂dx is less accurate than the other Green's functions. However, this has only negligible effect on the accuracy of our overall results because the coupled field is more dominated by the term ∂G xx A /∂z . From these curved, we notice that accuracy of the closed-form Green's functions begin to break down as the distance between source and field points exceeds certain limits; this was pointed out in [7] . However, this error has only insignificant effects on our overall result 
Results for Input Impedance
In our analysis the reference plane is at the center of the excitation cell which is located at the end of the feedline, so that it is not appropriate to compare our theoretical results with those of [2, 3] which assume the feedline is of infinite length. Two antennas with operating frequency of about 5 GHz were tested. Measurements were taken by a HP8510C network analyser. In these tests the numbers of charge cells on the patch in x and y directions are 9 an 7 respectively with 5 charge cells on the aperture. Fig. 5 and Fig. 6 show on the Smith chart plots of the two antennas. The antenna's substrates for the radiating patch and feeding network are the same in the first case, and different in the second. It can be seen that the calculations agree very well with measurements with only a slight shifts in the prediction resonant frequency. Numerical convergence test on our algorithm has shown that the rate of convergence of resonant frequency against the number of basis functions in x -direction is relatively slow, and the predicted resonant frequency converges to the measured value as more cells are added along the resonant length of the patch. The discrepancy could also be due to error introduced to the measurement by the small airgaps between the two layers of dielectric.
The calculated results of these plots were computed by the IBM Pentium 100 MHz PC. The run time required in the computation of input impedance for each frequency is approximately 30 seconds. Further increase in speed can be achieved if the approximation of the matrix elements discussed in previous section is utilised to a greater extent.
CONCLUSION
The validity of the proposed model using MPIE has been confirmed by showing the good agreement between theory and experiment. Most important is the sole use of closed-form Green's function in our analysis that enable us to compute the result with considerably less numerical effort in much higher speed than the spectral domain approach.
